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Abstract
In this talk, we report our recent work on the pion weak decay constant (Fpi) and pion mass
(mpi) using the nonlocal chiral quark model with the finite quark-number chemical potential (µ)
taken into account. Considering the breakdown of Lorentz invariance at finite density, the time
and space components are computed separately, and the corresponding results turn out to be:
F tpi = 82.96 MeV and F
s
pi = 80.29 MeV at µc ≈ 320 MeV, respectively. Using the in-medium
Gell-Mann-Oakes-Renner (GOR) relation, we show that the pion mass increases by about 15% at
µc.
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I. INTRODUCTION
The pion is identified as the Nambu-Goldstone (NG) boson from the spontaneous break-
down of chiral symmetry (SBχS) which is essential in describing low-energy hadronic phe-
nomena. Thus, the in-medium modification of the Fpi and mpi is of great importance to
understand the chiral symmetry restoration in matter. Experimentally, the modifications of
these quantities can be measured from deeply bound pionic atoms.
There has been a great amount of theoretical works on this subject. For example, meson-
baryon chiral perturbation theory (χPT) and models with chiral symmetry were applied for
this purpose [1, 2, 3]. Since the Lorentz invariance is broken in medium, one has to study
the space and time components of the pion weak decay constant separately. In in-medium
χPT [4], the magnitude of its space component F spi was shown to be about four times smaller
than that of the time component F tpi at ρ0. In the QCD sum rules, it was discussed that
dimension-five operators are responsible for making splitting between F tpi and F
s
pi , and the
contributions of the intermediate ∆ state makes F spi much smaller than F
t
pi [3].
In the present work, we investigate the modifications of the Fpi and mpi for the finite
quark-number chemical potential (µ 6= 0) but at zero temperature (T = 0), employing the
nonlocal chiral quark model (NLχQM), derived from the nontrivial instanton vacuum [5, 6].
We will show that F tpi = 82.96 MeV and F
s
pi = 80.29 MeV at the critical value µc ≈ 320 MeV,
which are about 13 ∼ 16% smaller than that in free space (Fpi = 93 MeV). The results are
compatible with those obtained in other models. Using the GOR relation, satisfied within
the model [5], we estimate the pion mass shift and find that the mass is increased by about
15 % at µc.
II. NONLOCAL CHIRAL QUARK MODEL WITH FINITE µ
The quark zero-mode solution in the presence of the instanton can be obtained with the
finite µ as follows [6]:
[i/∂ − iγ4µ− /AII¯ ] Ψ(0)II¯ = 0. (1)
A quark propagator deduced from Eq. (1) reads:
S =
1
i/∂ − iγ4µ+ iM(i∂, µ) , (2)
2
where M denotes the momentum-dependent and µ-dependent quark mass that arises from
the Fourier transform of the quark zero-mode solution:
M(k¯) = M0(µ)k¯
2ψ2(k¯). (3)
Here, k¯ = (~k, k4 + iµ). The M0 is the constituent quark mass at k
2 = 0, which depends
on µ and becomes zero at the critical value µc ≈ 320 MeV, indicating the first-order phase
transition [7]. The analytical expressions for ψ4 and ~ψ are given in Ref. 6. Since the Lorentz
invariance is broken for the finite µ, the PCAC relation in medium should be decomposed
into the space (s) and time (t) parts as follows:
〈0|Aa(x)|pib(P )〉 = i
√
2F spiδ
abP e−iP ·x, 〈0|Aa4(x)|pib(P )〉 = i
√
2F tpiδ
abP4e
−iP ·x. (4)
In order to compute the relevant matrix elements, we write the effective chiral action in the
presence of an external axial-vector source Ja5µ:
Seff [pi, µ, Ja5µ] = −Sp ln
[
i/¯∂ + γ5γ
µ τ
a
2
Ja5µ +
√
M(i∂¯, Ja5µ)U5
√
M(i∂¯, Ja5µ)
]
. (5)
From this effective chiral action and the in-medium PCAC relation, we can obtain the
following compact expressions for the Fpi for finite µ:
F spi(µ) ≈ F exppi + µ2
[
Nc
F exppi
∫
d4k
(2pi)4
(
8k24M˜′M˜′′
k2 +M2 −
10k24M˜′2
[k2 +M2]2
)]
,
F tpi(µ) ≈ F spi(µ) + µ2
[
Nc
F exppi
∫
d4k
(2pi)4
8k24M˜′2
[k2 +M2]2
]
. (6)
For more details, one can refer Ref. 7.
III. NUMERICAL RESULTS
We now present numerical results for the Fpi for finite µ. In the left panel of Fig. 1, we
show F spi and F
t
pi as functions of µ. At µ = 0 we find F
s
pi = F
t
pi ≈ 93 MeV as it should be,
and we obtain F tpi ≈ 82.96 MeV and F spi ≈ 80.29 MeV at µc ≈ 320 MeV. When we examine
the ratio F (s,t)/F exppi , it must be unity at µ = 0 and then it is getting smaller gradually
as µ increases. At µc, it turns out that F
t
pi/F
exp
pi ≈ 0.89 and F spi/F exppi ≈ 0.86. From these
observations, F spi/F
t
pi is less than unity for the whole region of the NG phase (µ ≤ µc), and
the Fpi is reduced by about 13 ∼ 16%. We summarize the results in Table I. In the QCD
3
sum rule [3], it was discussed that the splitting between the time and space components is
represented by the dimension-five condensates. Especially, F spi/F
exp
pi becomes much smaller,
when the intermediate ∆ state is considered (0.78→ 0.57). The ratios were also studied in
in-medium χPT in the heavy baryon limit [4]: It was found that F tpi/F
exp
pi ≈ 0.90, which is
compatible with the present results, whereas the space component is given much smaller:
F spi/F
exp
pi ≈ 0.25 at ρ0.
TABLE I: Numerical results for F s,tpi and mpi for finite µ.
F spi F
t
pi mpi
µ = 0 93 MeV 93 MeV 139.33 MeV
µc ≈ 320 MeV 80.29 MeV 82.96 MeV 160.14 MeV
Modification 16% ↓ 13% ↓ 15% ↑
Now, we would like to investigate the change of the pion mass for finite µ. For this
purpose, we use the results for F s,tpi computed previously and the in-medium GOR relation:
(m∗piF
t
pi)
2 = 2mq〈iq†q〉∗, (7)
where mq is the current quark mass, taken to be around 5 MeV. In the right panel of Fig. 1,
we draw mpi as a function of µ. In free space, we observe mpi = 139.33 MeV which is in
good agreement with the experimental value, whereas mpi = 160.14 MeV at the critical value
µc ≈ 320 MeV. This observation tells us that the pion mass increases almost linearly and at
µc it becomes about 15% heavier than that in free space. We summarize this result also in
Table I.
IV. SUMMARY AND CONCLUSION
We have investigated the pion weak decay constant and pion mass for finite µ within the
framework of the nonlocal chiral quark model in the presence of the finite quark-number
chemical potential. For the numerical results, we obtained F tpi = 82.96 MeV and F
s
pi = 80.29
MeV at µc ≈ 320 MeV. Considering the in-medium Gell-Mann-Oakes-Renner relation, we
also studied the pion mass modification for finite µ. The results are summarized in Table I.
However, the splitting between the time and space components of Fpi has turned out to be
relatively small in comparison to those from in-medium chiral perturbation theory and the
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FIG. 1: F spi and F
t
pi (left), and mpi (right) as functions of the quark-number chemical potential µ
up to µ = µc ≈ 320 MeV.
QCD sum rule. As discussed in the previous section, the ∆-state contribution may cause
this difference. A further study including meson-loop corrections is under progress.
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